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Previously, we talked about left-hand and right-hand limits of a function as x approaches a.

Imagine we have a function such that 
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. By direct substitution, we have 
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Let’s say we want to evaluate the limit from the left-hand and right-hand sides. We select arbitrary values, but let those values be equally distant from a.

Let the distance between a and either value be denoted by δ. The two values would be:

(a-δ) and (a+δ)

In interval notation: [a-δ, a+δ]

Therefore:

f(a-δ)=L-ε1 and f(a+δ)=L+ε2
where ε is the distance from f(a) to L.

Imagine a value x between in the open interval (a-δ, a+δ), but not equal to a.

The distance from x to a, |x-a|, will always be greater than 0 and less than δ:

0<|x-a|< δ

So, f(x) will map to a value in the open range (L-ε1, L+ε2).

The distance from f(x) to L, |f(x)-L|, will always be less than ε:

|f(x)-L|<ε

Thus, we have Definition 2 on page 115:
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if for every number ε>0 there is a number δ>0 such that
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Applying the Precise Definition

Find a number δ for a given set of conditions.

Using 
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, you will be given f(x), L, a, and ε. Solve for δ.

Prove a statement using the ε, δ definition of limit.

	1. 
	Guess a value for δ.
	a. Start with 
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 and plug in what is known: f(x) and L.


b. Attempt to factor and decompose f(x) to g(x)h(x), where h(x)=x-a.


c. If you can’t do Step 1b, solve for x and take the ε term as your δ, and stop here.


d. If g(x)=c, then let 
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e. Solve 
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 for x.


f. Apply operations to all sides so that the middle looks like g(x). 


g. Letting the right side of the inequality from Step 1d equal C, then 
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	2. 
	Show that this δ works.
	a. Start with 
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 and plug in what is known: f(x) and L.


b.  Factor and decompose f(x) to g(x)h(x), where h(x)=x-a.

c. Solve 
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 for x.

d. Apply operations to all sides so that the middle looks like g(x).

e. Replace g(x) in the result from Step 2b with the right side of the inequality from Step 2d.

f. Replace h(x) in the result from Step 2b with the value of C from Step 1e.

g. Reduce g(x)h(x) to simplest form. It should equal ε.
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