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Limits

The idea of a limit is simply the value of y that we approach as x approaches a specific value of a. Mathematically speaking:
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	The function approach L as x approaches a.
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	The limit of f(x) as x approaches a is L.


The process is to evaluate the function for values of x that get progressively closer and closer to a. By inspection, we should be able to determine what value the function is approaching.

One-Sided Limits

For a continuous curve (one that has no breaks in it), the definition of limit above works fine.

Often, a function is discontinuous (there is a break at one or more points). For these cases, the limit depends on which side of the break we approach from, because f(a) may be different when approaching a from the left than it is from the right.

Let’s modify our definition above as follows:
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: approaching a from the negative, or left, side


[image: image5.wmf]L

x

f

a

x

=

+

®

)

(

lim

: approaching a from the positive, or right, side

Theorem 1, Page 546: If 
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, then the limit of the function is L.

Theorem 2: Properties of Limits (page 548)

Understand how to apply these.

Evaluating Limits

This can often be done by direct substitution: plug “a” directly into the function and evaluate.

With rational functions, direct substitution does not give us an answer, usually because we get division by 0. It is often best to try and simplify a function algebraically before doing a direct substitution.

Indeterminate Forms

In a rational function, the numerator and denominator are considered separate functions. If the limit of both the numerator and denominator are zero, we have what is called the indeterminate form of 0/0. There are methods for evaluating such limits, but we will not be using these methods in this course.

Infinite Limits

Rational functions have a vertical asymptote. This occurs when a particular value of x causes the denominator to be zero.

Let a be the value that causes the denominator of a function to be zero. As our values of x get closer and closer to a, f(x) gets larger and larger. In fact, it gets closer and closer to infinity.

In these cases, we say:
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Limit of a Difference Quotient

Recall that a difference quotient is just the function version of slope of a line:
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	equation version
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	function version, average value of a function
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	average value of a function over the interval [a,b]
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	let 
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If we take the limit of the last equation as h approaches zero, what is really happening is that the two points are getting closer and closer until eventually they are the same point. Essentially, we are calculating the slope of a line through a single point!

Division by Zero

Texts I have seen do not address this as directly as they should. Division by zero is often declared as undefined, which it is.

However, recall from basic math that division is just repeated subtraction. How many times can you subtract the denominator from the numerator?

Example:
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: In long division, we say 3 goes into 8 two times, and there is a 2 left over.

In repeated subtraction, we subtract 3 from 8 and get 5. We subtract 3 from 5 and get 2. So, we subtracted 3 two times, and there is a 2 left over.

Let’s say we have a fraction with a zero in the denominator. Using the idea of repeated subtraction, how many times can you subtract 0 from the numerator? An infinite number of times. We cannot define an answer because the answer is infinity. Infinity is undefined.

Division by zero is undefined because it is infinity.

Let’s take this one step further. Have you ever taken the reciprocal of zero?

Normally, when you take a reciprocal, you just flip the fraction. If the number is not a fraction, you put it over one first, then flip it.

So, let’s do that with zero: the reciprocal of 
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What this is really saying is that the reciprocal of zero is undefined, or infinity. And, the reciprocal of infinity is zero.
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