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In a spanning tree, we traveled along prescribed routes – only along existing edges between vertices.

There are cases in which we can add a new vertex whose sole purpose is to create an even shorter tree.

Such a vertex is called an interior junction point.

If the junction point connects three other vertices, and the edges come together at 120° angles, then we have what is called a Steiner point. 

A network that connects three vertices through a Steiner point is the shortest network for that set of vertices provided:

The angles of the triangle formed by the three vertices are all less than 120°.

Torricelli’s Construction

This is a method (modified from the book version) for finding the Steiner point:

1. Choose any one of the three sides of the triangle. The side chosen uses two of the vertices and excludes the third vertex.


2. Select a point X on the opposite side of the selected side from the excluded vertex. The point should create an equilateral triangle with the selected side as one side (see Figure 7-18b on page 282).


3. Circumscribe a circle around the equilateral triangle (see Figure 7-18c on page 282).


4. Connect point X and the excluded vertex with a line segment (see Figure 7-18d on page 282).


5. The intersection of the line segment and the circle is the Steiner point.

Constructive Geometry

Given a line segment, construct an equilateral triangle.

1. Position the point of a compass on one of the endpoints of the line segment.

2. Draw an arc on one side of the line segment.

3. Position the point of a compass on the other endpoint of the line segment.

4. Draw an arc to intersect the first arc.

5. The intersection of the two arcs is the third point of an equilateral triangle.

Given a line segment, find the midpoint.

1. Position the point of a compass on one of the endpoints of the line segment.

2. Draw arcs on each side of the line segment.

3. Position the point of a compass on the other endpoint of the line segment.

4. Draw arcs to intersect the first two arcs.

5. Draw a line segment from the intersection of one set of arcs to the intersection of the second set of arcs.

6. The new line segment intersects the first at its midpoint.

Given an equilateral triangle, circumscribe a circle around it.

1. Draw a line segment from one vertex to the midpoint of its opposite side.

2. Draw a line segment from a second vertex to the midpoint of its opposite side.

3. The intersection of the two line segments is the center of the triangle.

4. Place the point of a compass on the center, and the pencil on one of the vertices.

5. Draw the circle.

Finding the lengths of the edges of a Steiner tree.


